COMPUTATION OF THE CARTAN SPACES OF AFFINE 
HOMOGENEOUS SPACES 



IVAN V. LOSEV 



Abstract. Let G be a reductive algebraic group and H its reductive subgroup. Fix a 
Borel subgroup B C G and a maximal torus T C B. The Cartan space cig,g/h is, by 
definition, the subspace of t, where t is the Lie algebra of T, generated by the weights of 
i?-semiinvariant rational functions on G/H. We compute the spaces ac,G/H- 
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I. Introduction 

The base field K is assumed to be algebraically closed and of characteristic 0. 

Let G be a connected reductive algebraic group, T C B a maximal torus and a Borel 
subgroup of G, respectively. The character lattices X(T) and X(B) are naturally isomorphic, 
and are embedded into t*. Fix an invariant non-degenerate symmetric form (•, •) on g such 
that (£,1]) = trvi^rj) for some faithful G-module V and identify g with g* and t with t*. 
Note that for any reductive subalgebra h C the restriction of (•, •) to f) is non-degenerate. 

Let X be an irreducible G-variety. Weights of S-semiinvariant rational functions on X 
form a sublattice in X(T). This sublattice is called the weight lattice of X and is denoted 
by %g,x- The subspace ac,x C t* spanned by the weight lattice is called the Cartan space 
of X. The dimension of a G ,x is called the rank of X and is denoted by v\lq{X). 

To justify the terminology consider the case of a symmetric space X. Here X = G/H, 
where (G a )° C H C G a , a is an involution of G. Put m = {£ G fl|er(£) = -£}. Choose 
a maximal commutative subalgebra a C m consisting of semisimple elements. It is known 
that all such subalgebras are Int(h)-conjugate. The subspace a C m is called the Cartan 
space of G/H. Choose a system A + of positive roots in a. Let b be a Borel subalgebra of 
3g( a ) © aeA+ g a and t a Cartan subalgebra of b fl 3 (o). It turns out (see, for example, 
that a = a GtG/H . 
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The goal of this article is to compute the subspaces &g,g/h C t, where if is a reductive 
subgroup of G. Note that <\g,g/h C <Xg,g/H! for any normal subgroup Hi C H because 
there is a dominant G-equivariant morphism G/H\ — > G/H. Moreover, since K{G/H°) is 
an algebraic extension of K{G/H), cxg,g/h = &g,g/h°- Thus the subspace Og,g/h depends 
only on the pair (0, f)) and we put a(g, f)) = <Xg,g/h- The main idea of the computation is 
to notice that the space a(g, f)) depends only on a certain "essential" ideal of f). There is a 
precise definition: 

Definition 1.1. A reductive subalgebra i) C is called essential, if for any proper ideal 
f)i C P) the inclusion o(fl, f)) C o(fl, f)i) is strict. 

To state our result we also we need a quite standard notion of an indecomposable subal- 
gebra. 

Definition 1.2. Suppose that a subalgebra 1} C is such that there exist ideals 0i, 02 C and 
reductive subalgebras f)i C 0i, f)2 C 02 with = 0i ©02, f) = f)i © f)2- In this situation we say 
that (0, f)) is the direct sum of the pairs (g 1 , fji), (g 2 , h) and write (fl> f)) = (fli, fix) © (02, ta)- 
If the pair (0, fj) can not be decomposed into a non-trivial direct sum, then I) is said to be 
an indecomposable subalgebra. 

Clearly, o(fli © 2 , J)i © f)a) = o(fli, © a(fl 2> fa)- 
Now we are ready to state our main result. 

Theorem 1.3. Let G,H,g,i) be such as above. Then 

(a) There exists a unique ideal f) 6SS C f} such that \) ess is an essential subalgebra in 
and a(0, f)) = a(g, f) ess ). This ideal is called the essential part of\). The ideal \) ess 
is maximal (with respect to an inclusion) among the ideals of \), that are essential 
subalgebras of g. If (0, fj) = ( fll , fj x ) © ( 02 , fj 2 ), ^en l) ess = f)f s © t) e 2 ss ■ 

(b) j4// non-trivial essential semisimple indecomposable subalgebras up to conjugacy in 
Aut(fl) are precisely those given in Tabled 

(c) In this part we classify indecomposable essentail nonsemisimple subalgebras and show 
how to compute the Cartan spaces for them. 

(1) Let i) be an indecomposable essential not semisimple subalgebra of g. Then the 
pair ([0, 0], [fj, f)]) is the direct sum of some copies of pairs 1,2 (the latter for 
k 7^ n/ 2), 10, 19 from Tabled and the pairs (s[ 2 „ + i,sp 2 n)> ( s hn+i,sl n +i) ■ In 
parts c2-c5 we assume that [fj, fj] has the indicated form. 

(2) 3(3 8 («) = 3(3 8 ([M]))- 

(3) Let ii C 3(j ([f), h])) fre an algebraic subalgebra. If 31 © [fj, fj] zs indecomposable, 
then it is essential. 

(4) The spaces 3 := 3(3 ([f), f)])) and o(g, [f), h])/a(0, [fj, h] ©3) are dim/ to each other. 
The duality is given by the rule formulated in Remark \l.J\ 

(5) The subspace a(g, fj) C a(g, [f), f)]) i/ie inverse image under the projection 
0(0, [fj, h]) — > a(0, [fj, i)])/a(0, [fj, h]©3) o/t/ie annihilator of the subspace 3(f)) C 3. 

(d) Let a &e an automorphism of g. Then the relation between a(g, f)) and 0(0, cr(fj)) 
awen fry Remark \l.5\ 



Table 1: Semisimple indecomposable essential subalge- 
bras fj c g 



N 





f) 


a(fl,f)) 


1 


sl n , n ^ 2 




(7Ti,7r n _j;i ^n — k) 
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N 







fl(fl,()) 


2 


sl n ,n ^ 4 


slfc x sl n _ fe , § ^ fc < n - 2 


(7Tj + 7T n _i, 7T fc , 7r n _ fc ; I < n - k) 


3 


sl 2n ,n ^ 2 




(ir 2i ;i ^ ra - 1) 


4 


sp 2n ,n ^ 2 


sp 2fc , T < *: < n 


(tt<;i< 2{n-k)) 


5 


sp 2n ,n ^ 2 


sp 2 k x 5p 2 („-fc), f ^ k < n 


(-K 2i ;i < n - A;) 


6 


sp 2n ,n > 4 


5p 2 n-4 X Si 2 X S[ 2 


(Tr 2 , 7T 4 , 7Tl + 7T 3 ) 


7 




st 2 x sl 2 x st 2 


(Tr 2 ,7Ti + 7T 3 ) 


8 


so n , n ^ 7 


S0 fc ,^ < k < fl 

4 


(7Tj, i ^ n — k) 


9 


so 4n , n ^ 2 




(n 2i ; i < n) 


10 


so An+2 ,n ^ 2 




(7T2i,7!"2n+i;« < 


11 


SOg 


spin 7 


(7ri,7r 4 ) 


12 


SOio 


spin 7 


(jTi, TT 2 , 7T 4 , TT 5 ) 


13 


S0 7 


G 2 


fa.) 


14 


S0 8 


G 2 


(tti, tt 3 , tt 4 ) 


15 


G 2 


A 2 




16 


F 4 


5 4 




17 








18 




E, 


(vri,7r 5 ) 


19 


Eg 


D 5 


(7I"1, ^5, 7T6) 


20 


E, 


B A 


("TTl, 7T2, ^4, ^5, ^q) 


21 


E 6 


A 5 


(tT! + 7T 5 , TT 2 + TT 4 , 7T 3 , 7T 6 ) 


22 


E 7 


E 6 


(^,^2,^6) 


23 


E 7 


D 6 


(tT 2 , 7T 4 , 7T 5 , TT 6 ) 


24 


E s 


E 7 


(TTI, 7T 2 , TT 3 , TT 7 ) 


25 


l)Xf) 


f) 


(TTl+TT^^rkf)) 


26 


S p2n X Sp 2m , m > n > 1 


SP 2 n-2 X Sl 2 X Sp 2m _ 2 




27 


sp 2 „ x sl 2 ,n > 1 


S p2n-2 X Sl 2 


(Tr 2 ,TTi + 7!^) 



Most of the notation used in the table is explained in Section |H1 In rows 25-27 7Tj (resp., 
ir'j) denotes the fundamental weight of the first (resp., second) ideal. 

Remark 1.4. This remark explains how to compute the spaces a(g, f)) in the case, when f) 
is an essential not semisimple subalgebra. 

Let = 3(g) © 0i © ... © g/c be the decomposition into the direct sum of the center 
and simple (non-commutative) ideals. Recall that in the interesting for us cases the pair 
([fljfl]; [f)> J)]) is the direct sum of pairs NN 1,2 (k ^ n/2), 10,19 from Table [T] and the pairs 
(s[ 2 n+i,5p 2 „), (s[ 2n+ i,s[ n+ i). Put i)i = [h,h] r\Qi, 30 =$(gi),$% =3(3ft(l)i))>i = M- !t is clear 
that 3 = 3(3 ([f), ()])) = 3o © 3i © • • • © 3fc and 

fc 

a(g, [h, h])/a(g, [fj, fj] © 3) = a(a(g), 0) © a(ft, tji)/a(&, © fc)- 

i=l 

The identification of 3 with (a(g/[f), h])/a(g, [fj, f)]©3))* is established as follows. Let G be a 
simply connected group corresponding to g and H a connected subgroup of G corresponding 
to h. An element x G 3 is identified with a unique linear function a x G a(g, [fj, f)])* such that 
the equality xv = a x (X)v holds for any highest weight A and any v G V{Xp H ' H \ Using the 
Frobenius reciprocity, we see the conditions 

(1) V(X)^ ± 0, 

(2) V{X*Y H ^ ^ 0, 
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(3) A is a highest weight of K[G/(H, H)} 
are equivalent. 

We show in Section El that for all six pairs ([g,g], [fj, f)]) listed above a x is well-defined and 
annihilates a(g, [fj, fj] © 3). 

Now we describe the correspondence x 1— > a x explicitly. 

It follows from the definition that for x E = 0,k, the function a x lies in 0(3(0), 0)* 
for 2 = and in (a(a,, f)i)/a(fli, f), © 3;))* for z > 0. For % = the map 1 € jo h ^ 
is the natural identification j — &(3o>0)*. For i > a x coincides with the analogous 
function defined for the pair hj). Now its enough to find all a(gj, hj ffi^) and to identify 
(o(ai, f)i)/ a (fli' © 3»))* w ith 3j. All spaces %i are one-dimensional, so it is enough to find 
a highest weight A of K[Gi/Hi] not lying in a($i, f)j © 3^) (here Gi, Hi denote the connected 
reductive groups corresponding to g^, hj) and the number a x {Xi). This information is given 
in Table 121 We denote by 7r 4 v the dual fundamental weight. 



Table 2: The identification of %i with (a(g«, f)i)/a(fli, f)i © 





x e ii 


A 


Ox(A) 


a(ft/f)i©3i) 


(s[ n ,sl fc ), fc > f 


H n-k 


7Ti 


n 


2~^j=i H-^i X n —i) 0} 




7T V 




(n~k)k 
n 


<7Ti + 7r n _i;i ^n-k) 


(Sl2n+l)-5p2n) 




7Ti 


2n 
2n+l 


r\-^.2n 

127=0 ( n - - E?=l = 0} 


(S04 n+ 2, Sl2 n +l) 


" 2n+l 






(7T2i, 7T2n + 7T 2n+ i; Z < 71 - 1) 


(E 6 ,D 5 ) 




7Ti 


— 

3 


(-7Ti + 7T 5 , 7T 6 ) 



Remark 1.5. This remark explains the relation between the spaces a(g, fj) and a(g,cr(h)) 
for cr 6 Aut(g). First of all, we note that there exist g G Int(g) such that b,t are <Ti-stable, 
where <j\ = go. Changing a by a\, we may assume that a(b) = b, a(t) = t. In this case 

ft(fl,o-(f))) = °(a(s,t))). 

This can be seen, for example, in the following way. By the Frobenius reciprocity, a(g, f)) 
(respectively, a(g,a(f)))) is generated by all heighest weights A such that V(X)* t) ^ (resp., 
V(\)*°(W ^ o). But dim^A)** 7 ^ = dim V{a(\))^. 

Note that for all subalgebras from Tables fTl2l except NN8 (n = 8, k — 7), 9, 25 any 
subalgebra Aut(g)-conjugate to f) is also Int(g)-conjugate. In case 8 (resp., 9,25) the class of 
Aut(g)-conjugacy of f) is the union of 3 (resp. 2,# Aut(h)/ Int(f))) classes of Int(g)-conjugacy. 

2. Basic properties of essential subalgebras 

In this subsection G is a connected reductive group, H its reductive subgroup. 
For an irreducible G-variety X we put 

(2.1) L G ,x = Z G (a G ,x)- 

(2-2) L GjX = n xeXG ,x ker X- 

In (12. 2j) we consider £g,x as a sublattice in 3c(Lg,x)- 

We need the following crucial fact proved (in greater generality) by F.Knop in |Knj . Satz 
8.1, Korollar 8.2. 
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Proposition 2.1. Let X be a quasiaffine smooth G-variety. Then L 0G)X is the stabilizer in 
general position for the action G : T*X . 

We recall that, by definition, a subgroup Go C G, where G is an arbitrary algebraic group, 
is called the stabilizer in general position (s.g.p.) for an irreducible G-variety Y if for some 
open subset Y° C Y the stabilizer of any y G Y° is conjugate to Go in G. The Lie algebra 
of the s.g.p. is called the stable subalgebra in general position (s.s.g.p.) for the action G : Y . 
If Y is a vector space, G is reducitive and the action G : Y is linear, then there exists the 
s.g.p for this action, see |PVj . §7. 

Remark 2.2. The space &g,x is not necessarily determined uniquely by the s.s.g.p for 
the action G : T*X. For example, let G = SL n ,Xi = K n © K n ,X 2 = K n © K n *,X 3 = 
K n * © K m , where K n is the space of the tautological representation of SL n . Then Og,Xi = 

("TTl, 7T 2 ), a G ,X 2 = (^l; 7Tn-l), &G,X 3 = (^n-l, Kn-2) • But T*Xi = T*X 2 = T*X 3 . 

When X = G/H, one obtains the following corollary from Proposition 12.11 
Corollary 2.3. The subalgebra Iqg,g/h C g is conjugate to the s.s.g.p for the \)-module 

In the sequel we need two simple lemmas. 

Lemma 2.4. Let f) be a reductive Lie algebra, V an t)-module (see the conventions after the 
index of notation), Iq the corresponding s.s.g.p and f)i a reductive subalgebra in f}. Then the 
subalgebra Ad(h)lo D f)i for h G Int(fj) in general position is the s.s.g.p. for the \)\-module 
V. In particular, i/|iC| is an ideal, then Iq H f)i is the s.s.g.p for the \)\-module V. 

Proof. This follows directly from the definition of the s.s.g.p. □ 

Lemma 2.5. Let g be a reductive Lie algebra, f) a reductive subalgebra in g and f}i an ideal 
in f). Then the fyi-module $j/f}i is the direct sum of a trivial fy\-module and the fyx-module 

Proof. This follows from the fact that f)/f)i is a trivial f)i-module. □ 

The main result of this section is the following 

Proposition 2.6. The ideal \) ess C f), defined in part (a) of Theorem M.cA exists and is 
uniquely determined. Suppose Iq is the s.s.g.p for the ^-module g/t). Then fy ess coincides 
with the ideal in f) generated by l . 

Proof. Denote by f)i the ideal in f) generated by Iq. By Lemma 12.41 Iq is the s.s.g.p for 
the ()i-module jj/f), and hence, by Lemma 1231 also for fl/fji. Since a(g, fj) C a(jj, f)i) and 
dim o(fl, f)) = rkg — rkl = dim a(g, fji), we obtain a(g, f)) = o(g, f)i). 

Next we show that any ideal | 2 C | with 0(0,^2) = &(g, f)) contains f)i. Let be a 
connected subgroup of if corresponding to f) 2 . Then Iqg,g/h 2 = hc,G/H- Corollary 12.31 and 
Lemma 1231 imply that Z an d the s.s.g.p for the f) 2 -module g/f) 2 are G-conjugate. It follows 
from Lemma YTM that Z C f) 2 . By the definition of f)i, f)i C f) 2 . 

If f) 2 is an ideal of f)i satisfying a(g, f) 2 ) = a(g, f)i), then f)i C 1) 2 because [) 2 is an ideal of 
[). Thus f)i is an essential subalgebra of g. 

The equality a(g, P)i) = o(g, I)) implies that if f) 2 is an ideal of f) containing fji, then l} 2 is 
essential iff () 2 = fji. This completes the proof. □ 

Lemma 2.7. Let f) be a reductive Lie algebra, V\ an ^-module, V 2 an fy-submodule in V\, 
li the s.s.g.p. for Vi,i = 1,2. Then l\ is Int(f)) -conjugate to the s.s.g.p. for the l 2 -module 
V1/V2. In particular, if the ideal oft) generated by li coincides with f), then the same property 
holds for / 2 . 
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Proof. Choose an invariant complement V 2 ' to Vi in V±. Then, up to the Int(f))-conjugacy, 
h = t) Vl +v 2 = (t)v 2 )vi,h = t)v 2 fc> r ^ y^ v 2 e V 2 in general position. □ 
Corollary 2.8. If t)i C f) 2 are reductive subalgebras of q, then ty\ ss C f)| ss . 

Proof. Let Zoi be the s.s.g.p. for the fjj-module = 1,2. It follows directly from 

the definition of s.s.g.p's that the s.s.g.p for the f)i-module g/f) 2 is Int(f) 2 )-conjugate to 
a subalgebra of Z 2- Using Lemma l2~71 we see that Z i is Int(f) 2 )-conugate to a subalgebra of 
Zo2- It remains to apply Proposition 12.61 □ 

Corollary 2.9. Let f) 6e an essential subalgebra in g. Then the following assertions hold 

(1) Let go fre a reductive subalgebra of q, f)o a reductive subalgebra of g and <£> : f) — ► f)o 
an epimorphism of Lie algebras such that the ^-module 0o/f)o a submodule in g/f). 
Taen f)o an essential subalgebra in g . 

(2) Tae projection of\) to any ideal g± G Q is an essential subalgebra in Q\. 

(3) Let f) Z*e an ideal in f). Then f)/f) is an essential subalgebra in n (f) o )/f)o- 

Proof. The first assertion is deduced from Lemma 12.71 and the characterization of essential 
subalgebras given in Proposition 12.61 The second and the third assertions are special cases 
of the first one. □ 

Corollary 2.10. Suppose f) does not contain ideals of g. Let a be a simple non- commutative 
ideal in f) such that there exist different simple ideals Qi, ■ ■ ■ ,Qk C g such that the projection 
of a to Qi is nonzero for all i. Then 

(1) The \)-module g/f} contains an ^-submodule isomorphic to a® fc_1 . 

(2) Let i) C g be an essential subalgebra. Then k ^ 2. 

Proof. The multiplicity of the f)-module a in the h-modules Q iy i = l,k, and f) equals 1. Thus 
the multiplicity of a in g is not less than k. This proves the first assertion. 

Assume now that f) is essential but k ^ 3. Then the ()-module g/f) contains a submodule 
a © o. The s.s.g.p. of the a-module a © a is trivial. Indeed, the s.s.g.p. for the a-module 
a is a Cartan subalgebra to C a. The s.s.g.p. of the to-module o is trivial because to is 
commutative and the representation of to in o is effective. We see that the s.s.g.p. for the 
[)-module a© a projects trivially to a. By Lemma l2~7| the same holds for the s.s.g.p for g/f). 
Proposition 12.61 implies f) is not essential. □ 

Remark 2.11. The ideal generated by a subalgebra f C f) coincides with the direct sum of 
the projection of f to 3(h) and all simple ideals f)o C f) such that the projection of f to rjo is 
nonzero. 

Proof of part (a) of Theorem ] 1.31 At first, we prove that h ess contains any ideal f)i C f) such 
that f)i is an essential subalgebra of g. Let Zo be the s.s.g.p for the (^-module g/f). The sub- 
algebra Zo fl f)i is the s.s.g.p for the f)i-module g/f)i ( Lemmas 12.412. 5|) . Apply Proposition ^. 61 
to the pair (g, f)i). We see that there is no proper ideals of f)i containing Z fl f)i. Thus f)i is 
an ideal of f) generated by Z fl f)i. Since the ideal i) ess C f) is generated by Zo, f)i C f) ess . 

Now let (g, f)) = (gi, f)i)©(g 2 , fo)- Denote by l 0i , i = 1, 2, the s.s.g.p for the ^-module fl»/f)i- 
Then Z i © Z 02 is the s.s.g.p for the f)-module g/f). Proposition 12.61 implies f) ess = i)l ss © f)| ss . 

Proposition 12.61 implies all remaining claims. □ 

To make the description of essential subalgebras more convenient we need the notion of 
the saturation of an essential subalgebra. 

Definition 2.12. Denote by f) the inverse image of 3(n s (f))/f)) under the natural projection 

n g(^) ~~ ¥ n g(f))/f)- By definition, the saturation of f) is f) ess . We denote the saturation of f) by 
f) sai . We say that f) is saturated if f) = f) sai . 



COMPUTATION OF THE CARTAN SPACES OF AFFINE HOMOGENEOUS SPACES 



7 



Suppose now f) is essential. Then f) C f) sat , by Corollary 12. 81 Clearly, i) sat is the direct sum 
of f) and some commutative ideal. Let l Jl be the s.s.g.p's for the h-module q/1) and the 
f) sai -module Q/t) sat , respectively. By Lemmas I2.4J2.51 Iq D \) = Iq. This allows us to reduce 
the classification of arbitrary essential subalgberas to the classification of saturated ones 
(together with the corresponding s.s.g.p). Namely, let I) be a saturated subalgebra. Then 
the following conditions are equivalent 

(1) an ideal t)i C f) containing [f), h] is an essential subalgebra of g. 

(2) the subalgebra lodfyi which is the s.s.g.p for the f)i-module g/fji projects non-trivially 
to any simple non- commutative ideal of f). 

Indeed, ZoHfji projects surjectively onto 3(f)i) = f)i f~l3 (f)) because Iq projects surjectively onto 
3(f)). The equivalence of the two conditions follows now from Remark 12.111 Thus there is a 
one-to-one correspondence between the set of all essential subalgebras f)i C Q with t){ at = f) 
and the set of all algebraic subalgebras ti C Zo/([f), t)] H/q) = 3(f)) such that the inverse image 
of ti in Iq has a non-zero projection to any simple non-commutative ideal of [J), J)]. This 
correspondence is given by f)i 1— > f)i/[f), f)]. 

Note also that if ( , fj) = ( 01 , fji) © ( 02 , fj 2 ), then f) sat = fjf** © fj»«*. 

We say that a subalgebra f} of g is initial if f) is saturated and indecomposable. The 
classification of essential subalgebras reduces to the classification of initial subalgebras and 
the calculation of the subalgebras Iq for all initial subalgebras. Clearly, any initial subalgebra 
I) C g contains 3(g). Thus it is enough to classify initial subalgebras in semisimple algebras. 

3. INDECES OF SUBALGEBRAS AND MODULES 

We use notation of Section El 

In the previous section we have noticed the close connection between essential subalgebras 
and s.s.g.p. for certain modules. In the study of s.s.g.p's the notion of the index of a module 
over a simple Lie algebra plays a great role. Let () be a reductive Lie algebra, V an ()-module 
(see conventions on modules after the index of notation). Define an invariant symmetric 
bilinear form (•, -) v on f) by the formula (x, y)y = try(xy). If the module V is effective, then 
(•, -)y is non-degenerate. Suppose that f) is simple. Then an invariant symmetric bilinear 
form is determined uniquely up to the multiplication by a constant (see, for example, |AEVj ) . 
The index of the f)-module V is, by definition, ^.'^ v ■ The last fraction does not depend on 

the choice of x, y with (x, y)§ 7^ 0. We denote the index by lf)(V). 

The following proposition is a straightforward generalization of results from |AEV| , |Ellj . 

Proposition 3.1. Let t) be a reductive Lie algebra, V an effective ^-module. Let f) = 
3(f)) © f)i • • • © t)k be the decomposition of \) into the direct sum of the center and simple 
non- commutative ideals. Then: 

(1) If the s.s.g.p for the \)-module V is non-trivial, then l^iV) ^ 1 for some i. 

(2) If l^.iy) ^ 1 for all i, then the s.s.g.p is contained in © iifj (v)=i 

Proof. Let Iq be the s.s.g.p for the f)-module V. This is an algebraic subalgebra of f). If 
Iq contains a nilpotent element, then the both assertions follow from the proof of the main 
theorem in |AEVj . So we may assume that l^iV) ^ 1 for all % and that Iq contains a rational 
semisimple element x (the word "rational" means "having rational eigenvalues on any f)- 
module"). Put x = xq + X\ + . . . + Xk, where xq G 3(f)), Xi G f)j, for i = 1, k. It follows from 
Lemma 3 in (AEVJ that 

k k 
)Xxi,Xi) v = (x,x)v < (x,x)i, = yXxj.Xj)^. 

1=0 i=l 
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This implies the both assertions of the proposition (note that (x , x )v ^ for any rational 
x G 3(f)) because V is effective). □ 

Our next objective is to describe all reductive subalgebras t) C g such that /^(fl/f)) ^ 1 
for some simple ideal l)iCl). To do this we need the notion of the Dynkin index. 

Until the end of the section g, t) are simple Lie algebras, 1 is an embedding f) <^-» g. We 
fix an invariant non-degenerate symmetric bilinear form K g on g such that K s (a v , a y ) = 2 
for a root a G A(g) of the maximal length. Analogously define a form on f). Recall that 
the Dynkin index of the embedding 1 : f) g is, by definition, X fl (i(x), l(x))/ K^(x, x) (the 
last fraction does not depend on the choice of x G f) such that fTf,(x,x) 7^ 0). Abusing the 
notation, we denote the Dynkin index of 1 by It turns out that i(t),Q) is a positive 

integer (see |Dy| ) . 

By k s we denote the number (a v ,a v ) for a root a G g of maximal length. Analogously 
define k^. It follows immediately from the definition that 

k s = (A« v ) 2 = 8 + #{/3G A(g)\p^±a,(a,(3)^0}. 

/3GA( 9 ) 

The numbers k g for all simple Lie algebras are given in Table EJ 

Table 3: k a . 






A x 


B { 


a 


Di 


E G 


E 7 




F 4 


G 2 


k 5 


41 + 4 


81-4 


41 + 4 


81-8 


48 


72 


120 


36 


16 



Analyzing possible embeddings between simple Lie algebras we obtain the following 
Lemma 3.2. k^ < k g . 

By the definition of the the index /^(g/f)), we get 

(3.1) ww = ^ - 1. 

It follows from ()3.1|) and Lemma I3~2l that ifj(g/f)) ^ 1 implies «(f),g) = 1. 

In Table |U we list all (up to the conjugacy by an automorphism) simple subalgebras f) in 
classical simple algebras g with i(f),g) = 1. 

Table 4: Simple subalgebras f) in classical algebras g with 

^(f),g) = i 






f) 


sln,n > 2 


5[/c, k ^ n 


sln,n > 4 


sp 2k ,2 ^k^n/2 


so n , n ^ 7 


30^, k ^ n, k ^ 4 


so n , n ^ 7 


slfc, A; ^ n/2 


so n , n ^ 8 


sp 2fe ,2 ^ ^ n/4 


so n , n ^ 7 


G 2 


so n , n ^ 9 


spin 7 


sp 2n ,n ^ 2 


sp 2fe , fc < n 



Proposition 3.3. Simple proper subalgebras f) C g (up to conjugacy in Aut(g)j suc/i that 
his/fy) < 1 (respectively, /f,(g/f)) = 1), are exactly those given in Table \5\ (respectively, in 
Table®. 
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Proof. This is checked directly using Table EH equality (|3.1j) . Table |U (for classical g) or 
results of the classification in |Dy| (for exceptional g). □ 

In the last column of Table |H1 the nontrivial part of the f)-module g/f) is given. Here r 
denotes the tautological representation of a classical Lie algebra. 

Table 5: Simple subalgebras f) ^ g with /^(g/f)) < 1 



N 







1 


sl n ,n > 1 


slfc, n/2 < k < n 


2 


si 2n ,n ^ 2 




3 


skn+i,n ^ 2 




4 


sp 2n , n ^ 2 


sp 2k ,n/2 < A; <n 


5 


so„,n ^ 7 


50^, ^ < k < n,k 4 


6 


S0 2n ,7i ^ 5 


si n 


7 


so 2n +i, n ^ 3 


Si n 


8 


so„, 9 < n ^ 11 


S0 7 


9 


so n , 7 ^ n < 9 


G 2 


10 


G 2 


A 2 


11 


F 4 




12 


F 4 




13 


F 4 


B 3 


14 


Eq 


F 4 


15 


Eq 


D 5 


16 


Eq 


s 4 


17 


E 7 


Eq 


18 


E 7 


Dq 


19 


E 8 


E 7 



Table 6: Simple subalgebras f) ^ g with Zf,(fl/f)) = 1 



N 





1) 


0/f)+ 


1 


5l 2n ,n > 1 




n(r + t*) 


2 


sl 2n ,n ^ 3 


Sp 2 n-2 


R(n 2 ) + At 


3 


SpAn+2, ^^1 


5P 2 „ 


(n + 2)r 


4 


so 2n ,n ^ 4 


S0 n +2 


(n - 2)r 


5 


so 2 „,n ^ 4 


sl n -i 


A"^ + A" r * + 2 (r + r*) 


6 


so i2 


50 7 


r + 4 J R(7r 3 ) 


7 


SOio 


G 2 


4 j R(tt 1 ) 


8 


G 2 


Ax 


4r 


9 


Eq 


D 4 


2(r + R(n 3 ) + i2(7r 4 )) 


10 


Eq 


A, 


2AV 


11 


E 7 


F 4 


3r 


12 


E 7 


B 5 


r + 2i?(7r 5 ) 



Now we deduce two corollaries from Proposition 13.31 

Corollary 3.4. Let g be a simple Lie algebra and f) a semisimple subalgebra in g such that 
^1(0/^1) < 1 f or an V simple ideal f)i C f). Iff) is not simple, then g = sp 4n , f) = sp 2n x sp 2n . 
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Proof. Checked immediately using Table 03 □ 

Corollary 3.5. Let g be a simple Lie algebra and h a semisimple subalgebra of q such that 
ifn(fl/f)i) = 1 for any simple ideal hi C h. The algebra h is not simple precisely in the 
following three cases: 

(1) g = sl 2n ,n > 1, h =sl n x sl n . 

(2) S sp 4n+2 „ h = sp 2n x sp 2n . 

(3) g = sp 6 , ^=sl 2 xs[ 2 xs[ 2 . 

Proof. Checked immediately using Table El □ 

4. Classification of initial subalgebras 

This section is central in the article. Here g is a semisimple Lie algebra, h is an initial 
(that is, saturated and indecompsable) subalgebra of g and l is the s.s.g.p for the h-module 
0/1)- 

Proposition 4.1. Precisely one of the following possibilities (a),(b) takes place: 

(a) g is simple, 3(h) = and /^(g/hj) = 1 for any simple ideal hj C h. 

(b) Any simple ideal fli C g satisfies precisely one of the following conditions: 

(bl) There exists a simple non- commutative ideal hi C h contained in g x such that 

Mfli/h) < L 

(b2) There exists a simple non- commutative ideal hi C h contained in the sum of gi 
and another simple ideal of g and projecting to g± isomorphically. 

Proof. Clearly, possibilities (a),(b) can not take place simultaneously. The same is true for 
conditions (bl),(b2) (for a given ideal $ji C g). 

Suppose now that (b) does not take place. In this case Corollary 12. 1(JI implies there exists 
a simple ideal 0i C g such that 

1) gi does not contain a simple ideal hi C h with /^(gi/hi) < 1. 

2) There exist no simple ideals hi C g projecting surjectively onto gi. 

Let 7r 2 denote the orthogonal projection g — > g^. Put g = n^ 1 (vr 2 (h)) . Note that h C g. 
Denote by h the kernel of the representation of h in g/h. Clearly, h is an ideal of g, 
ho = h flgf. Put g = g/h , h = h/h . Since g/h is an h-submodule in g/h, it follows that h is 
an essential subalgebra in g (by Lemma 12. 7J) . Note that, by the construction, the projection 
of any ideal of h to gi does not coincide with {0}, gi. 

Suppose that the projection of a simple ideal hi C h to some simple ideal g 2 C g, g 2 7^ gi 
is nonzero. Then hi is an hi-submodule in g/hi. If, in addition, /^(g/hi) ^ 1, then the 
hi-module g/hi is the direct sum of hi and the trivial module because /^(hi) = 1. Thus 
gi = 7r i(hi) + 3si( 7r i(hi)). By the last equality, 7Ti(hi) is an ideal of gi. Contradiction with 
condition 2) above. Hence ^(g/hi) > 1. 

Furthermore, condition 1) implies that for any simple non- commutative ideal hi C h 
contained in gi the inequality /^(g/hi) ^ 1 holds. It follows from Proposition 13.11 that 
3(h) = 0, and /^(g/hi) = 1 for all simple ideals hi C h. We deduce that all simple ideals of h 
are contained in gi. Thus g = gi- Since h is indecomposable, possibility (a) takes place. □ 

All initial subalgebras h C g satisfying condition (a) of Proposition 14.11 can be easily 
described: we classify them in Proposition 14.51 The classification of initial subalgebras h 
satisfying condition (b) is more difficult. The following proposition describes initial subal- 
gebras possessing ideals of some special form. In Proposition 14.61 we will see that almost 
all simple ideals hi C h contained in some simple ideal gi C g and satisfying the inequality 
/^(gi/hi) < 1 have this form. 
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Proposition 4.2. Let (}i be a semisimple ideal of 1) contained in an ideal 0i C g. Put 
f)i = n gi(f}i) an d denote by f the s.s.g.p. for the t)\-module 0i/f)i- Suppose [f , f] C f)i. Then 
g = gi and I) is an ideal in l)i generated by l . 

To prove this proposition we need the following lemmas. 

Lemma 4.3. Let (g,t),f) be a triple of reductive Lie algebras such that f C f) C g and f) 
contains the ideal of g generated by [f, f]. Denote by fo the s.s.g.p. for the f-module g/f). 
Then f is the intersection of f with the maximal ideal of g contained in\). In particular, f) 
contains an ideal of g generated by f . 

Proof. It is enough to prove the lemma in the case when f) does not contain an ideal of g. In 
this case one should prove fo = {0}. The algebra f is commutative. Thus fo coincides with 
the inefficiency kernel of the f-module g/t). We see that g = f) + 3 (fo) • Taking into account 
that f) is ad(f )-stable, we get [g, f ] C f). Since g = 3 (f o ) © [g, f ] and [3 s (fo), [s, fo]] C [g, f ], 
the subalgebra of g generated by [g, f ] is an ideal. Hence f) contains the ideal of g generated 
by [g, fo]- By our assumption, f) does not contain an ideal of g. This implies [s, fo] = {0}. 
Analogously f) n 3(0) = {0}. So f C 3(0) n f) = {0}. □ 

Lemma 4.4. For a saturated subalgebra f) C the equality fj = [f), f)] sai holds. 

Proof. By the second assertion of Corollary 12.91 f) := f)/[f), h] is an essential subalgebra of 

00 := n ([[), h])/[P), P)]. Since f) is commutative, the s.s.g.p. for the f) -module 0o/f)o is the 
inneficiency kernel of this module. Thus f) C 3(00)- Denote by f) (resp., by f)) the inverse 
image of 3(00) in n ([f),f)]) (resp., of 3(n (f))/f}) in n s (f))) under the natural projection. By 
definition, [fj, \)} sat = rf ss .^Note that 3(00) C 3(n fl (fj)/[f), fj]). Thus f) C \). The inclusions 
[) C 1) C f) imply t) ess C ^l ess = [f),f|] sa * C () ess (see Corollary EHJ) . At last, we note that 
\) ess = I), () ess = f) because [) is saturated. □ 

Proof of Proposition ^. 6 ^ Denote by iri, n 2 the orthogonal projections — ► 0i, — ► 0i". 
Step 1. Let us prove that any simple non-commutative ideal a C f) is contained either in 

01 or in 0^. Assume the converse. Put 0o = 7r 2 _1 (7r 2 (a)). This is a semisimple Lie algebra 
isomorphic to 0i © a. The subspace f} = cl © 7r 1 (a ± fl f)) C 0o is a subalgebra because 
[a, 7r 1 (o J - fl [))] = 0. There is the epimorphism <p : f) — > t)o,<p\ a = id,(p\ a ± n u = tt±. The 
Pl-module 0o/f)o is isomorphic to a©0i/7r 1 (f} 1 ). Thus 0o/f)o is a submodule in g/[). It follows 
from assertion 1 of Corollary 12.91 that f)o is an essential subalgebra of 0o- 

Let fi denote the s.s.g.p. for the f) - m °dule 0i/f}i = 0o/n 0o (f}i) ^ 0o/f)o- Now we show 
that the triple (n so (f)i), f)o> fi) satisfies the assumptions of Lemma EOl By the construction, 
fji is an ideal in f) - Therefore f) C tx 0o (P)i) and P)i is an ideal of n 0o (f)i) contained in f) . The 
restriction of the homomorphism i\\ : g — > 0i to P)o is an embedding and 7Ti (f)o) = 7Ti(fj). The 
subalgebra 7Ti(fx) C vri(f)) coincides with the s.s.g.p for the 7Ti(f))-module 0i/f)i- It follows 
from Lemma 1231 that vri(fi) C Ad(g)f for some ^ G Int(f)i). Thus [fi,fi] C \)\. So we have 
checked that the triple (n 0o (f)i), f)o, fi) satisfies the assumptions of Lemma [Ql 

Let fo be the s.s.g.p. for the fi-module n 0o (f)i)/f)o- By Lemma l2~7[ f is also the s.s.g.p for 
the f)o-module 0o/f)o- Let us show that the projection of fo to 0o fl gj~ is nonzero. Assume 
the converse. Then f C 0i fl f) = f)o H a L . Hence the projection of f to a is zero. Since f) 
is an essential subalgebra of O , we get the contradiction. But 0^ fi 0o is an ideal of n 0o (f)i). 
By Lemma FQ1 applied to (n 0o (P)i), f)o, fi), we have 0^ fl 0o C f)o which is absurd. 

Step 2. By step 1, [(,,(,] = ([[), fj\ ngi)n ([M]n0i). By Lemma EH f) = (J) ngj ) © (f) Dfli). 
Since f) is indecomposable, = 0i- Denote by fi the s.s.g.p. for the (^-module 0/f)i- Note that 
fi is Int(f)i)-conjugate to a subalgebra of f. Thus [fi, fi] C f)i and the triple (f)i, f), fi) satisfies 
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the assumptions of Lemma [Ql The s.s.g.p. for the fi-module f)i/f) is Int(f)) -conjugate to 
l . Applying Lemma I4~31 we see that f) contains the ideal of f)i generated by / . Since f) is 
essential, it coincides with this ideal. □ 

Proposition 4.5. For the pair (f),g) the following conditions are equivalent: 

(1) (f),g) satisfies condition (a) of Proposition and f) is an initial subalgebra of q. 

(2) (f),g) = (sin x si n ,sl 2n ), (sh x sf 2 x sh,sp 6 ), (so n+2 ,so 2n ), (A S ,E 6 ). 

Proof. Let f) be an essential subalgebra of g satisfying condition (a) of Proposition 14. II Note 
that fa at also satisfies this condition. Therefore \) sat is semisimple. Thus fa at = f) and f) is 
initial. 

First suppose f) is not simple. Then (f),g) is one of the pairs listed in Corollary 13.51 

Let n, . . . , Ti denote the tautological representations of simple ideals of f) (i — 2 in cases 
1,2 of Corollary 13.51 and i = 3 in case 3). 

When f) = sin x sfn,0 = sl 2n , the non-trivial part of the representation of f) in g/f) is 
Ti <8> t 2 + r* ® r|. The s.s.g.p. for T\ ® r 2 is the subalgebra sf n C f) embedded diagonally. 
The restriction of r* <8> r| to this subalgebra is isomorphic to the direct sum of the adjoint 
and the trivial representations. Thus the s.s.g.p. for the f)-module g/f) is non-trivial and its 
projections to the both simple ideals of f) are nonzero. By Proposition 12.61 f) is essential. 

Now let g = sp 6 , f) = sl 2 x sf 2 x sl 2 . The representation of f) in g/f) is isomorphic to 
7~i ® r 2 + r 2 ® T3 + T3 ® Ti. The s.s.g.p. l\ of the representation r 2 ® r 3 is isomorphic to 
sf 2 x 5f 2 , where the second factor is embedded diagonally into the sum of two ideals sf 2 C f). 
The restriction of the representation of f) in g/f) to l\ is isomorphic to 2t\ ® r 2 . By the 
calculation in the previous case, the s.s.g.p. for this representation is one- dimensional and 
projects non-trivially to the both simple ideals of l\. Thus f) is essential. 

In the remaining case we have to prove that the s.s.g.p for the f)-module g/f) is trivial. 
Let g = sp 4n+2 , f) = sp 2n x sp 2n . The non-trivial part of the representation of f) in g/f) is 
T\ ® r 2 + 2{t\ + r 2 ). The s.s.g.p. li for r x ® r 2 is the direct sum of n copies of sf 2 , embedded 
diagonally to sp 2n x sp 2n (see [E12j). It can be easily seen that the restriction of 2(ti ® r 2 ) 
to /1 has the trivial s.s.g.p. 

If f) is simple, then the proof follows from Table El and the classification in |Ellj . □ 

Until the end of the section we suppose that g is a semisimple Lie algebra and f) its initial 
subalgebra satisfying condition (b) of Proposition 14.11 The latter means that for any simple 
ideal gi C g there exists a simple non-commutative ideal f)i C f) either contained in gi and 
satisfying the inequality /^(fli/fji) < 1 or projecting to gi isomorphically and contained in 
the sum of gi and another simple ideal of g. 

Proposition 4.6. Let Qi be a simple ideal of g and f)i a simple non- commutative ideal 
of f) such that f)i C gi and /^(fli/fji) < 1. 7/gi,f)i do not satisfy the assumption of 
Proposition ^ then g 1 = sp 2m ,m ^ 2. 

Proof. Put f)i = n 01 (f)i) and denote by l\ the s.s.g.p. for the f)i-module fji/f)i. 

Assume the converse, let gi ^ sp 2m and is not contained in fa. By Corollary 13.41 if 

f) 2 is an ideal in f)i such that / fll (gi/f) 2 ) < 1, then f) 2 = f)i. Thus Lemma f2 .41 and assertion 1 
of Proposition 13. II imply that [hJi] projects injectively into f)i. 

By Corollary 12.81 [Zi, l\] coincides with the commutant of some Levi subalgebra of 0x- Fi x 
a simple ideal f C [h, h] and let fa,...,fa be all simple ideals of f)i such that projection of f 
to f)j is nonzero, or, equivalently, injective. Then i(f,g>) = ^2ji(f, l)j)i(l)j, fl), see |Dy| . Hence 
for any simple ideal f C [h,h] not contained in fa the inequality i(f, g) ^ 2 holds. This 
implies gi ^ sl„,50 2n , E\ because the Dynkin index of any simple ideal of a Levi subalgebra 
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in sl n ,S02n,Ei equals 1. If g\ = -F 4 , G 2 , then Table [7| implies [f)i,f)i] = f)i- It remains to 
consider the case g = S02 n +i,n ^ 3. We may assume that [fji, f)i] is not simple. So we have 
to consider only cases 5, 8 (n=ll). 

Consider case 5 from Tabled In this case the f)i-module g/fji is isomorphic to the tensor 
product of the tautological S0k and so 2n+ i_fc-modules. By |E12j . l\ C S0k- 

In case 8 the algebra f)i has two simple ideals and is contained (up to conjugacy) in 
so 8 x so 3 . By the previous paragraph, the projection of l\ to the ideal 50 3 C f)i is zero. □ 

Recall that the complexity of an irreducible G- variety X is the codimension of a general B- 
orbit, or, equivalently, tr. deg K(X) B . We denote the complexity of X by c G (X). A normal 
G- variety X of complexity is called spherical. An algebraic subalgebra f) C Q is said to be 
spherical if G/H is spherical. 

In the sequel we need the following standard 

Proposition 4.7. Let H C H C G be connected reductive algebraic groups such that H C 
N G (H) and H/H is a torus. Note that H/H acts on G/H by G -automorphisms. Then 
the representation of H/H in K[G/H] U is effective. Further, the following conditions are 
equivalent 

(1) xk G {G/H) = rk G (G/H) + dimH/H. 

(2) c G (G/H) = c G (G/H) 

(3) The action of H/H on K(G/H) B is trivial. 

(4) For a highest weight X the group H/H acts on K[G/H]V x s by the multiplication by a 
character. 

(5) For a highest weight A the group H/H acts on V(X) H by the multiplication by a 
character. 

Proof. If h G H acts trivially on K[G/H] U , then it acts trivially on K[G/H] because h acts 
as a G-automorphism and the G-module K[G/H] is generated by K[G/H] U . This implies 
h 6 H. 

The equivalence (2) <^ (3) is straightforward. The equivalence of (4) and (5) follows from 
the Frobenius reciprocity. Implication (4) =^> (3) is tautological. By |PVj . Theorem 3.14, 
K[G/H]% is a finite-dimensional vector space. So it is spanned by if /if -eigenvectors. To 
prove (3) => (4) it remains to note that fjf 2 G K(G/H) B for any f 1} f 2 G K[G/H]f x) . 

It remains to prove the equivalence of (1) and (2). 

By the results of |Knj . Abschnitt 7, 

c G {G/H) = i(2(dimG - dimH) - (dimC - d\mL 0GG/H ) - rk G {G/H)) = 
(4.1) x 2 

= -(dimG + dim L GjG / H ) - dim H - rk G {G/H). 

The commutants of Ig,g/h, I gg /h are conjugate to the commutants of the s.s.g.p's for the f)- 
module g/t) and the f)-module g/t), respectively. Since the last two commutants coincide, we 
see that L GiG/H = L GG/S and c G (G/H) - c G {G/H) = dimH/H + rk G {G/H) - rk G (G/H). 
Thus (1) <=> (2) is proved. □ 

In the following table we give the normalizers n g (f)i) of subalgebras f)i C g listed in TableEl 
(in the column f)), the n (f)i) -modules fl/n g (f)i) and the ideals of n (f)i) generated by their 
intersections with li, where l\ denotes the s.s.g.p for the n (f)i) -module g/n g (f)i). 
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In the first and the second columns the number of the corresponding subalgebra f)i in 
Table El and tl fl (f)i) are given. The first ideal of n (()i) in the second column is f)i. In all 
cases dim3(tig(f)i)) ^ 1. If the equality holds, then, conjugating l)i in q if necessary, we may 
assume that 3(n (f}i)) lies in t and is spanned by the dual fundamental weight. 

The representation of n (f)i) is written as the sum of irreducible subrepresentations. The 
order of irreducible representations over simple algebras in tensor products coincides with 
the order of simple ideals of n (f)i) in column 2. The lower index indicates the constant, 
by that the element of 3(n (f}i)) given in column 2 in the triangular brackets acts on the 
corresponding irreducible module. By 74, . . . , r k we denote the tautological representations of 
classical simple ideals of [n (f)i), tt B (fh)], and by 1 the one- dimensional trivial representation. 

Ideals of n (f)i) generated by their intersections with l\ are listed in column 4. In all 
cases, except N4, any initial subalgebra f) C Q such that f)i is an ideal of f) is the one of the 
listed ideals (Propositions I4.2I4.6J) . Such an ideal is given by a sequence of numbers. The 
sequences are separated by " ;" . The sequence ii, . . . , ij corresponds to the sum of ideals with 
numbers ii, . . . , ij. Here the number of an ideal is its position in column 2. For example, for 
n (P)i) = slfc x sl n _fc x (7Tfc) the ideal corresponding to the sequence "1,3" is sl k x (tt^). 

Table 7: The representations of n (f)i) in 0/n (f)i) 



N 


n fl (bi) 


0/S(W 


1) 


1 


Sl k X Sln- k X (7T^) 


lTi <g> r 2 * +_! T* ® r 2 


l(A;^2±i);l,2; 
l,3(fc^n/2);l,2,3(fc^n/2) 


2 




^(vr 2 ) 


1 


3 


5p2n >< (*2n) 


^(vr 2 ) +i r +_! r 


1,2 


4 




7l ® T 2 


1 (n ^ 2Jfe);l,2 


5 


S0 fc X S0 n _ fc 


n (g) r 2 


1 


6 


Sin X 




1;1,2 (n = 2m + 1) 


7 


Si n X (O 






8 


S0 7 X S0 n _ 8 


n + R(tt 3 ) ® r 2 


1 (n < 10) 


9 


G 2 x S0 n _ 7 


-R(tti) ® (r 2 + 1) 


1 (n < 8) 


10 


A 2 


r + r* 


1 


11 


B A 


#(tt 4 ) 


1 


12 


D± 


r + f2(7r 3 ) + R(ir 4 ) 


1 


13 


B 3 x «) 


IT +_l T +x i?(vr 3 ) +_ii?(7T 3 ) 




14 


F 4 


i2(7Tl) 


1 


15 


D 5 x «) 


ii2(7r 4 ) +-i i?(vr 5 ) 


1;1,2 


16 


B 4 x «) 


1-R(tT 4 ) +-1 i2(7T 4 ) + T 


1 


17 


E 6 x «) 


iRfa) +_i i2(7T 5 ) 


1 


18 


D 6 x A 1 


i?(7r 5 ) ® r 


1 


19 


E 7 x Ai 


i2(7ri) ® r 


1 



Proposition 4.8. Ideals P) C n (f)i) containing t)i and generated by l\ D f) are precisely those 
listed in Table^ 

Proof. If n (f)i) is simple or the n (f)i) -module g/n (f)i) is irreducible we use the results 
of |Ellj . |E12j . respectively. Note that in case 17 there is a mistake in |E12j : the s.s.g.p. is 
contained in D 6 . Let us prove this. 

Consider a linear action of a reductive group Hi x H 2 , where Hi is semisimple, on a vector 
space V. The projection of the s.g.p. for this action to H 2 is the s.g.p. for the action 
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H 2 : VjjH\. This is a consequence of the following fact: a general fiber of the quotient 
morphism of the action Hi : V contains a dense orbit (see, for example, |Kraj . ch.2, §4, D). 

Now we note that Y = (fl/n fl (f)i))// Spin(12) is an affine space, the action of SL(2) on Y 
is linear and the SL(2)-module Y is the direct sum of the trivial two-dimensional and the 
irreducible 5-dimensional SL(2)-modules. This follows from the results of |Schj . It remains 
to note that s.s.g.p. for the SL(2)-modul Y is trivial. 

It remains to consider cases 1,3,6,7,8 for n ^ 10, 9 for n ^ 9,13,15,16. 

In cases 3,6,7,15,16 the required statement follows from the classification in |Kraj . Indeed, 
in all these cases the subalgebra tl fl (f)i) C g is spherical, its center is one-dimensional and the 
commutant is simple. By Proposition 14 .71 the subalgebra t)i C g is spherical iff dim a(g, f)i) > 
dim 0(0, n (f)i)) iff (see Corollary 12. 8() the s.s.g.p's for the f)i-module g/f)i and the n B (fji)- 
module g/n 8 (f)i) are distinct. We obtain the required list of ideals using Tabelle 1 from |Kraj . 

In the sequel we denote by Hi the connected subgroup of G corresponding to f)i. 

Consider case 1. By the main theorem from |Kraj . ch.2, §4, for k > n/2 the action 
Nq(Hi)/Hi : (g/n s (i)i))//Hi is the adjoint representation of GL n _fc. Since the projection 
of li to n 8 (f)i) is the s.s.g.p. for the action N G (Hi) / Hi : (g/n 8 (f)i))//i?i, we are done. If 
k = n/2, then the N G (Hi) / if 1- variety (g/n g (f)i))//iii is the direct sum of the adjoint module 
of GL n _ k and of a non-trivial two-dimensional GL n _*. / SL n _fc-module. Thus the s.s.g.p. for 
the n g (f)i)-module g/n g (f)i) is contained in [n g (f)i), n g (f)i)] whence the desired result. 

In case 13 the action of the torus (Ng(Hi)/Hi)° on g/n 8 (f)i)//iii is non-trivial, thus 
lo C f)i. By the results from jEllj . l = 0. 

Analogously we see that Zo = {0} in case 9 for n = 9. 

It remains to consider case 8. For n = 11 the s.s.g.p. of the representation R(7i^) (g) r 2 of 
n 8 (f)i) is contained in t)i ([E12 ). The equality l Q = {0} follows from [Ell] . For n — 10 the 
projection of l to n fl (f)i)/f)i is zero because the one-dimensional torus (N G (Hi) / H\)° acts 
non-trivially on (g/n (l)i))//i?i. □ 

Now it remains to find all initial subalgebras f) C Q, that have no simple ideal f)i satisfying 
the conditions of Proposition 14.21 with simple 0i. It follows from Proposition 14.61 that any 
simple ideal of g satisfying condition (bl) of Proposition 14.11 is isomorphic to sp 2n ,n ^ 2. 

First we consider the case g = 5p 2n . We classify initial subalgebras f) C sp 2n , containing 
the ideal ()i = sp 2k , k ^ n/2. We assume that I) 7^ f)i,tl fl (^i) (these two subalgebras are 
initial, except the case f) = f)i,k — n/2; this follows from Proposition 14.8(1 . Note that 
n g(^i) — s P2k x s P2(n-fe) an d that the n B (f)i) -module g/ti s (f)i) is the tensor product of the 
tautological sp 2k - and sp 2(n _ fc )-modules. 

The subalgebra f)/f)i C ti fl (f)i)/f)i — %p2(n-k) is essential (the third assertion of Corol- 
lary Thus it contains an ideal \) 2 isomorphic to sp 2l ,l (n — + l)/2 and so is 
contained in sp 2k x sp 2/ x sp 2[n _ k ^ iy 

Lemma 4.9. Let t) = sp 2k x sp 2 ; x sp 2 ^ n _ k _^ C g and / be the s.s.g.p. for the ^-module 
g/f). Then the following conditions are equivalent. 

(1) lo t f)i, 

(2) i) is essential, 

(3) l = n-k-l = l. 

Under these conditions the projection of the s.s.g.p. to i)/t)i is one- dimensional. 

Proof. Let r 1; r 2 denote the tautological representations of sp 2l ,sp 2 ^ n _ k _ iy respectively. By 
Theorem 7 from |E12j . the projection of the s.s.g.p. for the ()-module fl/n fl (f)i) to 3^(f)i) — 
sp M x Sp2(n-fe-0 i s ^ ne s - s -g-P- f° r the representation /\ (n + r 2 ) = n ® r 2 + /\ n + /\ r 2 of 
sp 2i x Sp2(n_fc-/)- Thus the projection of the s.s.g.p. for the f)-module g/f) to 3fj(f)i) coincides 
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with the s.s.g.p. for the representation 2r x <g> r 2 + /\ 2 T\ + /\ 2 r 2 of 3f,(hi). The s.s.g.p. for 
/\ T\ + /\ r 2 is /i = — /c)s[ 2 C 5p 2 z x sp 2 ( n _fe_/). The index of the restriction of 2t\ <8> t 2 
to any simple ideal of /i is not less than 1. If s is a simple ideal of l\ contained in sp 2i , then 
this index is equal to 1 iff n — k — 1 = 1. To show that I, n — k — I ^ 1 it is enough to use 
assertion 2 of Proposition 13. II and the fact that the s.s.g.p. for four copies of the tautological 
st 2 -module is trivial. Other assertions are now clear. □ 

Corollary 4.10. There exists a unique subalgebra h C n g (f)i) essential in g different from 
hi,n (hi). This subalgebra is sp 2n _ 4 x sl 2 x sl 2 . 

Proof By the previous lemma, we may assume I) C f) := sp 2n _ 4 x sl 2 x sl 2 . The assertion 
follows from Lemma IP1 applied to the triple (h, h, f), where f is the s.s.g.p. for the h-module 
Q/l □ 

Proceed to the general case. It remains to classify all initial subalgebras h C such that q 
is not simple and for any simple ideal 0i C exactly one of the following possibilities takes 
place: 

1) There exist simple ideals hi C h, g 2 C g, 2 ^ gi such that hi C 0i © 2 and hi projects 
isomorphically onto 0i. 

2) 0i — sp 2n and there exists an ideal hi = sp 2fc C h, k ^ n/2. 

If there is no simple ideal in g satisfying condition 2), then g = X x g 1; h = g± and f) is 
embedded into g diagonally. This follows from the indecomposability of h. 

Lemma 4.11. Suppose rj is an initial subalgebra of g and there exists an ideal g\ C g 
satisfying condition 2). If g ^ sp 2n , then g = sp 2m x sp 2n , fj = sp 2m _ 2 x si* x sp 2n _ 2 ,n > 
1, m ^ 1. 

Proof. Denote by a unique ideal of \) embedded into g\ as sp 2ni ,2ni ^ n. Let a be a 
simple ideal of f) not contained neither in gi nor in g^ 1 . The existence of such an ideal 
follows from Lemma 14.41 . By Corollary 12.101 there exists a simple ideal g\ C g such that 
tic gi := g\®g\. 

If for g\ the first possibility listed above takes place, then put t) 1 = \)\ © a, \)\ = {0}. 
Otherwise, 0^ = sp 2m and there is an ideal l)J C f) embedded into 0^ as 5p 2mi ,2mx ^ m. 
We put [)i = t)\ © 1)1 © a. Let us show that the pair (gi, fji) satisfies the conditions of 
Proposition 14.21 Let hi = n 01 (f)i), f be the s.s.g.p. for the hi-module gi/hi and 7Tj, i = 1, 2, 
denote the projection g x — > g l x . Let us check that 7Ti ( [f , f]) C iri(a)®\)\- Let t)\ = n fl * (7rj(a) © 
= 1,2, f 1 be the s.s.g.p. for the hj-module gj/f)}. Recall that the projection of t) to 
fli — 5 P2n IS an essential subalgebra in gi (see Corollary 12. 9|) . Inclusion [f^f 1 ] C 7Ti(o) © 
follows from the classification of essential subalgebras in sp 2 „ obtained earlier. To prove 
the inclusion 7Ti([f, f]) C 7Ti(a) © t){ it remains to note that 7Ti(f) is Int(g)-conjugate to a 
subalgebra f 1 . The latter follows from Lemma 12771 The inclusion 7r 2 ( [f , f]) C 7r 2 (a) © h x is 
obvious (if f)i = {0}) or is proved analogously. So we see that 7Tj([f, f]) C 7Tj(a) © Thus 
[f, f] C (fjj © 7Ti(a) © vr 2 (a) © f)i) n?i = hi. 

Using Proposition 14. 2[ we conclude that g = gi and h is an ideal of hi generated by f fl h. 
In particular, the projection of f to a is non-trivial. 

Let us show that the projection f 1 — > 7Ti(o) is surjective. Let do be the image of this 
projection. There is the hi-submodule V := o © g\/t)\ in gi/hi. For a Cartan subalgebra 
t C a in general position the intersection I fl do is the projection of the s.s.g.p. for the 
hi-module V to a. Let T, A, A denote the corresponding connected subgroups of G. Since t 
is commutative, tfl Oq is the Lie algebra of the inneficiency kernel T of the action T : A/A Q . 
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So T C gAog^ 1 for any g G A. If to 7^ 0, then A is a normal subgroup in A. But the 
projection of f to a is non-trivial, thus tfl a 7^ 0. We conclude that a = 0. 

Since the projection of f 1 to 7Ti(o) is surjective, 7Ti(a) x h} = sl 2 x sp 2n „ 2 (by our classifi- 
cation of essential subalgebras in sp 2n and results of E12j) . 

Hence g 2 = sp 2m , m > 1, vr 2 (a) x f)f S sl 2 x sp 2m _ 2 . □ 

So a subalgebra h C g is initial iff (g, h) = (gj, f)j © 3$), where (g i5 fj^) is listed in Tabled 
or (g, h) is a pair from Table [T] different from NNl,(fc 7^ n/2),2,10,19. 

5. Computation of Cartan spaces and the classification of essential 

subalgebras 

At first, we compute the spaces a(g, h) for semisimple essential subalgebras. It follows 
from Proposition 14.81 that all semisimple essential indecomposable subalgebras are listed in 
Table □ 

Firstly, we consider the case when g is simple. When h is the essential part of a spherical 
subalgebra of g, the spaces a 0jf , can be computed using Tabelle 1 in |Kraj . There are only 
five pairs not satisfying this condition: 

(1) sl 2 x sl 2 x st 2 c sp 6 . 

(2) 4cs[ n ,^f. 

(3) sp 2 „-4 x sh x si 2 C sp 2n , n > 3. 

(4) D, C F 4 . 

(5) B 4 C E 6 

In cases 1,3,4 the corresponding homogeneous space has complexity 1. The spaces a(g, h) 
can be computed using results of jPaj . 

To compute a(g, fj) in the remaining case we note that, by the Frobenius reciprocity, 
a(g, h) is generated by highest weights A such that V(X)* t> 7^ 0. Since t) is reductive, the 
spaces V(A)'', V A (A)* f ' are dual to each other. Therefore to compute a fl) f, it is enough to find 
k = dima gi f, independent highest weig hts Ai,...,A fe such that 1/(A i ) f > ^ 0,i = l,k. Note 
that dima(g, fj) = rkg — rk/ , where l is the s.s.g.p for the f)-module g/{). 

In case 2 dim a(g, fj) = 2{n — k) because l = sl 2 fc_ n . Note that the highest vectors (for an 
appropriate choice of a Borel subalgebra) in V(iri) for i^n — koii^k are h-invariant. 

In case 5 dim V^i)^ = 2. Since V(7r 2 ) = /\ 2 V(tti), it follows that ttx, 7r 2 G a(g, f)). Further, 
7r 5 , 7r 4 G a(g, h) because V(tt 5 ) = V(iri)*, ^(714) = /\ 2 V(7r 2 ). It is clear that V(itq) = g has an 
h-invariant non-zero vector. Since Iq = sl 2 , we see that a(g, h) is generated by m, vr 2 , 7r 4 , 7r 5 , 7r 6 . 

It remains to consider the pairs NN25-27. In case 25 dimV A (A) f ' 7^ iff V(X) is the tensor 
product of two h-modules dual to each other. 

Now we consider pairs 26,27. In this case l = sp 2n _ 4 x £p 2m _ 4 x K and dim a(g, h) = 3. It 
remains to note that the g-modules V(tt 2 ), V(tt' 2 ), V(tti) <8> V(tt' 1 ) contain non-zero h-invariant 
vectors. 

This completes the proof of assertion (b) of Theorem 11.31 Assertion (d) is clear from 
Remark 11.51 

Now we proceed to the proof of assertion (c). Here g is a reductive Lie algebra and h is 
its indecomposable essential not semisimple subalgebra. The proof is carried out in several 
steps. 

Step 1. It follows from Proposition H^Hl that (g, h sa *) is the direct sum of the pairs indicated 
in (cl). (c2) is checked case by case. 

Step 2. Let h be an initial subalgebra of g and 3 = 3(f)). By the explicit description 
of possible h given above, we see that dima(g, [h, h]) = dima(g, h) + dim3(f)). It follows 



18 



IVAN V. LOSEV 



from the Frobenius reciprocity and the isomorphism V(A)^ = V^A*)^* that a(g, ft, fa) is 
spanned by highest weights A such that V^A)'^ 7^ 0. Denote by a x (\) the scalar by which 
x G 3(f)) = f)/ft,f)] acts on K[G/(H, H)W x *y By the Frobenius reciprocity, this definition 
coincides with that given in Remark 11.41 It follows directly from definition that a x is a linear 
function on a(g, ft, fa) annihilating a(g, fa and depending linearly on x. 

Step 3. Now let 3" C 3 := 3(f)) be some algebraic subalgebra and f)o = ft, fa ©"3- The 
pair (g, f) ) is indecomposable iff 3" projects nonzero to any ideal of g. The characterization 
of essential subalgebras with a fixed saturation given in the end of Section |21 implies that 
f)o C g is essential if (g, f) ) is indecomposable. This proves (c3). 

Step 4- Let us check (c4). Note that fa at = ft, fa © 3, where 3 = 3(3 (ft, fa)). The map 
1 ^ a, : 3(3u(ft, ft])) ( a (S> ft> b])Mfl> ft, &] © 3))* constructed on step 2 is injective by 
Proposition 14. 71 Since dim 3 = dim a(g, ft, f)])/a(g, ft, f)]©3) (see step 2), we see that x^> a x 
is an isomorphism. 

It remains to compute the functions a x G a* ^ ^. Let g = 3(g) © gi © ... © g^ be the 
decomposition of g into the direct sum of the center and the simple non-commutative ideals, 
fa = ft, W n Bi,k = ¥ at n By step 1, ft, h] = 0, J) f , J)"* = ©. fo, dim fa/ fa = 1. Clearly, 
to compute it is enough to assume Q = Qi,i) = i)i (notice that fa is not necessarily essential 
subalgebra of g« but it is does not matter). In all cases f) is contained in the annihilator of 
the highest weight of V(Aj), where Aj is contained in column 3 in Tabled Now the content of 
column 4 is obtained by the direct computation. The spaces a(gj, fa) are computed in [Kra 
in all cases except (g^, fa) = (sl n ,slk). To compute a(gj, fa) in this case it is enough to note 
that 7(~n-k e hi multiplies an appropriate highest vector in the g^-module Vfc) by — for 
i < n — k and by for i ^ k. 

Step 5. It remains to show (c5). Let H, H be the connected subgroups of G corresponding 
to the algebras fa at , f). These groups satisfy condition (1) of Proposition 14.71 It can be seen 
directly from the definition of a x that x G f)/f) acts on V r (A) f ' by the multiplication by a x (X), 
where x is an arbitrary element of 3 projecting to x. In particular, a x annihilates a(g, fa) for 
x G 3(f)). Thus a(g, f))/a(g, f) sat ) lies in the annihilator of 3(f)) in a(g, ft, f)])/a(g, f) sat ). To 
complete the proof it remains to note that 

dim3(f)) + dim a(g, f))/a(g, f^') = dim 3(f)) + dim^/f) = dima(g, ft, h])/a(g, l) sa *). 

This completes the proof of Theorem 11.31 

In the end of the section we give an application of the classification of essential subalgebras. 
There are many papers dealing with the classification of reductive subalgebras (} C g with 
small complexity (the complexity of a subalgebra is, by definition, the complexity of the 
corresponding homogeneous space). 

The classification of spherical subalgebras in simple Lie algebras was given in jKraj. The 
partial classification for not simple algebras g was given in |Brj.[Mij. The classification was 
completed in |Yaj . The classification of subalgebras with complexity 1 in simple Lie algebras 
was carried out in |Paj . The general case is treated in |AChj . 

Clearly, cq(G/H) = C(g,G){{G,G)/(G,G) fl H). Therefore, to classify all reductive subal- 
gebras with given complexity it is enough to consider the case of semisimple g. 

Proposition 5.1. Let H be a reductive subgroup in semisimple group G. Then cq{G/H) = 
(dimg + dim/ — rk G (G/if))/2 — dimf), where l is the s.s.g.p. for the \f ss -module g/fa ss 



Proof. This follows from (|4.1j) . 



□ 
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So the classification of subalgebras with given complexity follows from the classification 
of subalgebras with given dimension and essential part. 

Remark 5.2. In fact, in the classification of essential subalgebras we used only Kramer's 
classification of spherical reductive subalgebras in simple algebras. 

6. Conventions and notations 



Aut(fl) (resp., Int(g)) 
cg(X) 

(G,G) (resp., [g,g]) 

G° 

G x 

N G (H), (resp. iV G (h), n g (h)) 



rk G (X) 
s.g.p. 
s.s.g.p. 
V s 



(A) 



X(G) 
X G 

3(0) 

Z G (H), (resp. Z G (f,), 3fl (f,)) 



A(0) 
A* 



the Cartan subspace of an irreducible G-variety X 
the group of all (resp., inner) automorphisms of a Lie 
algebra g. 

the complexity of a G- variety X. 

the commutant of an algebraic group (resp., a Lie alge- 
bra g) 

the connected component of unit of an algebraic group 
G. 

the stabilizer of a point x G X under an action G : X. 
the normalizer of an algebraic subgroup H in an alge- 
braic group G (resp. of a subalgebra f) C g in an alge- 
braic group G, of a subalgebra f) C in a Lie algebra 

0)- 

the rank of an irreducible G-variety X 

stabilizer in general position. 

stable subalgebra in general position. 

= {v E V\gv = 0}, where g is a Lie algebra and V is a 

g-module. 

the isotypical component of a g-module V (g is a re- 
ductive Lie algebra) corresponding to a highest weight 
A. 

the irreducible module with the highest weight \i over a 

reductive algebraic group or a reductive Lie algebra. 

the weight lattice of an algebraic group G 

the weight lattice of an irreducible G- variety X 

the fixed-point set for an action of G on X 

the number of elements in a finite set X. 

the center of a Lie algebra g. 

the centralizer of an algebraic subgroup H in an alge- 
braic group G (resp. of a subalgebra f) C g in an alge- 
braic group G, of a subalgebra f) C g in a Lie algebra 
0)- 

the dual root corresponding to a root a. 
the root system of a reductive Lie algebra g. 
the dual highest weight to a highest weight A. 



If an algebraic group is denoted by a capital Latin letter, then its Lie algebra is denoted 
by the corresponding small fraktur letter. 

All homomorphisms of reductive algebraic Lie algebras (for example, representations) are 
assumed to be the differentials of homomoprhisms of the corresponding reductive algebraic 
groups. 
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When g is a simple Lie algebra, then ctj denotes its i-ih simple root and 7Tj denotes the 
corresponding fundamental weight. For roots and weights of simple Lie algebras we use the 
notation taken from |UVj . 

Now we explain notation for subalgebras in semisimple Lie algebras. For subalgebras of 
exceptional Lie algebras we use the notation from |Dy| . 

If g = sl n , then by sl k , so k , sp k we mean subalgebras, that annihilate some subspace of 
dimension n — k in C n and preserve a corresponding form on its complement (for so k ,sp k ). 
The subalgebras so k C so n ,sp k C sp n are defined similarly. A subalgebra gl k is embedded 
into so n by the direct sum of r, r* and the trivial representation (where r denotes the 
tautological representation of gl k ). The embeddings of sl k ,sp k into so n are the compositions 
of the described embedding gl k so n and the embeddings sp k gl k ,sl k •— > gl k . The 
subalgebra G2 (resp., sp;n 7 ) of so n is the image of G2,(resp., SO7) under the direct sum of 
the 7-dimensional irreducible (resp., spinor) and trivial representations. 

The description above determines the subalgebras up to conjugacy in Aut(g). 
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